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SPECTRUM OF PROJECTIVE PLANE CURVE
ARRANGEMENTS WITH ORDINARY SINGULARITIES
YOUNGHO YOON
Abstract. The Hodge spectrum is an important analytic invariant of singu-
larities encoding the Hodge filtration and the monodromy of the Milnor fiber.
However, explicit formulas exist in only a few cases. In this article the main
result is a combinatorial formula for the Hodge spectrum of any homogeneous
polynomials in three variables whose zero locus is a projective curve arrangement
having only ordinary multiple points.
1. Introduction
The spectrum Sp(f) of the germ of a hypersurface singularity f : (Cn, 0) →
(C, 0) is a fractional Laurent polynomial
Sp(f) =
∑
α∈Q
nf,αt
α
with nf,α ∈ Z. The formal definition of Sp(f) involves the Hodge filtration and the
monodromy on the cohomology of the Milnor fiber Mf,0 of f (see Section 3.1).
The spectra of reduced hyperplane arrangements are known to be combinatorial.
Combinatorial formulas for the spectrum are given in [1] and [7] in the cases of n = 3
and n = 4. One may ask similarly for the spectra of homogeneous polynomials
defining projective curve arrangements having only ordinary multiple points (i.e.
locally biholomorphic to a line arrangement). We answer this question by giving
a combinatorial formula. The formula is calculated in a general setting, where the
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arrangements might not be reduced arrangements. We also generate formulas for
some special cases.
In this paper, we will follow the convention
(
t
k
)
= t(t − 1) · · · (t − k + 1)/k! for
k ∈ N and any t. Also, ⌊β⌋ := max{z ∈ Z|z ≤ β} and ⌈β⌉ := min{z ∈ Z|β ≤ z}
for β ∈ Q. The notation δa,b means 1 if a = b, and 0 otherwise.
Theorem 1.1. Let f =
∏
l∈L f
ml
l be the defining equation of a curve arrangement
with irreducible component corresponding to fl in P
2. Assume the reduced arrange-
ment defined by fred :=
∏
l∈L fl has only ordinary singularities. Let mv,l, mv,red,
and mv be the multiplicities of fl, fred, and f respectively at an ordinary multiple
point v ∈ V of fred. Also, let dl, dred, and d be the degrees of fl, fred, and f respec-
tively. Set Lv := {l ∈ L|fl(v) = 0} ⊂ L for the set of irreducible curves containing
v ∈ V . Then the following formulas hold for j ∈ {1, · · · , d} :
nf, j
d
=
(
dred − u0,j − 1
2
)
−
∑
v∈V
(
mv,red − uv,j − 1
2
)
,
nf,1+ j
d
=
(
(u0,j − 1)(dred − u0,j − 1) +
∑
l∈L
(
dl
2
))
−
∑
v∈V
(
uv,j(mv,red − uv,j − 1) +
∑
l∈Lv
(
mv,l
2
))
, and
nf,2+ j
d
=
(
u0,j − 1
2
)
−
∑
v∈V
(
uv,j
2
)
− δj,d.
Otherwise nf,α = 0. Here u0,j =
∑
l∈L⌈jml/d⌉dl−j and uv,j =
∑
l∈Lv
⌈jml/d⌉mv,l−
⌈jmv/d⌉. In the case f = fred we have the following formulas for j ∈ {1, · · · , d} :
nf, j
d
=
(
j − 1
2
)
−
∑
v∈V
(
⌈jmv/d⌉ − 1
2
)
,
nf,1+ j
d
=
(
(j − 1)(d− j − 1) +
∑
l∈L
(
dl
2
))
−
∑
v∈V
(
(⌈jmv/d⌉ − 1)(mv − ⌈jmv/d⌉) +
∑
l∈Lv
(
mv,l
2
))
, and
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nf,2+ j
d
=
(
d− j − 1
2
)
−
∑
v∈V
(
mv − ⌈jmv/d⌉
2
)
− δj,d.
Otherwise nf,α = 0.
We remark that the set V of singular points of fred can be replaced by any subset
of V containing the set of non simple normal crossing singular points.
Notice that dred =
∑
l dl, d =
∑
lmldl, mv,red =
∑
lmv,l, and mv =
∑
lmlmv,l.
Also, ml = 1, d = dred, mv = mv,red, u0,j = d − j, and uv,j = mv − ⌈jmv/d⌉ if
f = fred. Therefore, all the input quantities appearing in Theorem 1.1 depends
only on the numbers ml, dl, and mv,l. In particular ml is not needed if f is reduced.
We can encode these information into a decorated directed graph consisting of two
sets of vertexes L and V with the directed edges corresponding to inclusions. We
decorate the vertexes in L by (ml, dl) and edges by mv,l. The spectrum solely
depends on ml, dl, mv,l and the inclusion relations, which are encoded in this
graph. These data is combinatorial in a strong sense.
Corollary 1.2. The Hodge spectrum of a homogeneous polynomial f in three vari-
ables is determined by combinatorial data if its reduced polynomial defines a pro-
jective curve arrangement with only ordinary singularities.
In Section 2 we give combinatorial spectrum formulas in some special cases.
Theses special formulas will be useful in practice. We review the definition of
the Hodge spectrum and an algorithm calculating the spectrum of homogeneous
polynomials in Section 3. The proof of the main theorem will be given in Section 4
Acknowledgements: The author would like to thank Nero Budur and Alexander
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2. More formulas
A necessary and sufficient condition for
∑
l∈L
(
mv,l
2
)
= 0 in Theorem 1.1 is that
all the curves defined by fl are smooth since mv,l = 1. It is equivalent to say that
the homogeneous polynomial fl has only an isolated singularity at 0 ∈ C
3 if it is
not a linear form.
Corollary 2.1. With the same notation as Theorem 1.1 we assume fl defines
a smooth curve in P2 for each l. Then we have the following formulas for j ∈
{1, · · · , d}:
nf, j
d
=
(
dred − u0,j − 1
2
)
−
∑
v∈V
(
mv,red − uv,j − 1
2
)
,
nf,1+ j
d
= (u0,j − 1)(dred − u0,j − 1) +
∑
l∈L
(
dl
2
)
−
∑
v∈V
uv,j(mv,red − uv,j − 1),
and
nf,2+ j
d
=
(
u0,j − 1
2
)
−
∑
v∈V
(
uv,j
2
)
− δj,d.
Otherwise nf,α = 0. Here u0,j =
∑
l∈L⌈jml/d⌉dl − j and uv,j =
∑
l∈Lv
⌈jml/d⌉ −
⌈jmv/d⌉.
If dl = 1 for all l in Theorem 1.1 we get a line arrangement. Also, this condition
is equivalent to
∑
l∈L
(
dl
2
)
= 0. It implies
∑
l∈L
(
mv,l
2
)
= 0 since each hyperplane is
smooth.
Corollary 2.2. With the same notation as Theorem 1.1 we assume f defines a
hyperplane arrangement. Then we have the following formulas for j ∈ {1, · · · , d}:
nf, j
d
=
(
dred − u0,j − 1
2
)
−
∑
v∈V
(
mv,red − uv,j − 1
2
)
,
nf,1+ j
d
= (u0,j − 1)(dred − u0,j − 1)−
∑
v∈V
uv,j(mv,red − uv,j − 1), and
nf,2+ j
d
=
(
u0,j − 1
2
)
−
∑
v∈V
(
uv,j
2
)
− δj,d.
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Otherwise nf,α = 0. Here u0,j =
∑
l∈L⌈jml/d⌉ − j and uv,j =
∑
l∈Lv
⌈jml/d⌉ −
⌈jmv/d⌉.
The formulas for reduced hyperplane arrangements are given in [1].
We can consider a single irreducible curve which has only ordinary multiple
points. In this case the index set L = {l} of irreducible components has a single
element in Theorem 1.1. Put ml = m. Then we have the equalities: dl = dred,
mv,l = mv,red, mv = mmv,red and d = mdred.
Corollary 2.3. Let f be a degree d homogeneous polynomial defining a degree d
irreducible curve in P2. Assume the curve has only ordinary multiple points. Let
mv be the multiplicity of f at each ordinary multiple point v of the curve. The
spectrum of fm for m ∈ N is given by the following formulas for j ∈ {1, · · · , md}:
nfm, j
md
=
(
d− u0,j − 1
2
)
−
∑
v∈V
(
mv − uv,j − 1
2
)
,
nfm,1+ j
md
=
(
(u0,j − 1)(d− u0,j − 1) +
(
d
2
))
−
∑
v∈V
(
uv,j(mv − uv,j − 1) +
(
mv
2
))
,
and
nfm,2+ j
md
=
(
u0,j − 1
2
)
−
∑
v∈V
(
uv,j
2
)
− δj,md.
Otherwise nfm,α = 0. Here u0,j = ⌈j/d⌉d− j and uv,j = ⌈j/d⌉mv − ⌈jmv/d⌉.
Applying the Thom-Sebastiani formula we can calculate the Hodge spectrum of
functions defined on lower dimensional spaces (see [4]-II (8.10.6) and [7] Section 5).
Corollary 2.4. Let f =
∏
l∈L f
ml
l : (C
2, 0) → (C, 0) be a product of linear forms
fl in two variables with degree d. Also, let dred be the number of different linear
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forms in f . Then we have the following formulas for j ∈ {1, · · · , d},
nf, j
d
=dred −
∑
l∈L
⌈jml/d⌉+ j − 1 and
nf,1+ j
d
=
∑
l∈L
⌈jml/d⌉ − j − 1 + δj,d.
Otherwise nf,α = 0.
We remark that Corollary 2.3 and Corollary 2.4 cover the cases of homogeneous
isolated singularities. The Hodge spectrum formula of degree d homogeneous iso-
lated singularities is known as
Sp(f) =
(
t1/d − t
1− t1/d
)n
.
We can check the formulas in Corollary 2.3 and Corollary 2.4 give the same formula
in the cases n = 3 and n = 2.
Example 2.5. Let f1 = x, f2 = y, and f3 = x
2z + y2z − y3.
(1) Consider f := f3. It has a unique singularity at (0; 0; 1) ∈ P
2. By Theorem
1.1 or Corollary 2.3
Sp(f) = t+ 2t4/3 + 2t5/3.
(2) In the case f := f1f3 = x
3z + xy2z + xz3 we have two singular point
v1 := (0; 0; 1) and v2 := (0; 1; 1) in P
2. At these points we have mv1,1 = 1,
mv1,3 = 2, mv1 = 3, mv2,1 = 1, mv2,3 = 1, mv2 = 2, d1 = 1, d3 = 3 and
d = 4. Applying the formula for f = fred in Theorem 1.1 we get
Sp(f) = 2t+ 2t5/4 + 2t6/4 + 2t7/4 − t2.
(3) If f := fm11 f
m2
2 = x
m1ym2 its reduced form fred = xy defines a simple
normal crossing line arrangement with a singular point (0; 0; 1) ∈ P2. Let
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G.C.D.(m1, m2) = g. We can calculate Sp(f) by using Theorem 1.1, Corol-
lary 2.2 or Corollary 2.4 with Thom-Sebastiani formula. In the case of
g = 1, Sp(f) = −t2. For a general f =
(
xm1/gym2/g
)g
Sp(f) = −
t1+
1
g (1− t)2
1− t1/g
− t3.
3. Spectrum
3.1. Milnor fiber and Hodge spectrum. Let f : (Cn, 0) → (C, 0) be the germ
of a non-zero holomorphic function. Then the Milnor fiber at the origin is
Mf,0 = {z ∈ C
n | |z| < ǫ and f(z) = δ} for 0 < |δ| ≪ ǫ≪ 1.
Refer [5] to see the work of John Milnor on this fiber.
The cohomology groups H∗(Mf ,C) carry canonical mixed Hodge structures such
that the semi-simple part Ts of the monodromy acts as an automorphism of finite
order of these mixed Hodge structures (see [6]-12.1.3). The eigenvalues λ of the
monodromy action on H∗(Mf ,C) are roots of unity. We define the spectrum mul-
tiplicity of f at α ∈ Q to be
nf,α =
∑
j∈Z
(−1)j−n+1 dimGrpF H˜
j(Mf,0,C)λ
with p = ⌊n− α⌋, λ = exp(−2πiα),
where H˜j(Mf,0,C)λ is the λ-eigenspace of the reduced cohomology under Ts and F
is the Hodge filtration. The Hodge spectrum of the germ f is the fractional Laurent
polynomial
Sp(f) :=
∑
α∈Q
nf,αt
α.
In the case of isolated singularities the Milnor number µf is defined to be
dim H˜n−1(Mf ,C). This number is the same as Sp(f)(1) by the definition of spec-
trum and the cohomology vanishing property of isolated singularities.
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3.2. Spectrum of homogeneous polynomials. Assume that f is homogeneous
of degree d. Then we can consider the divisor Z ⊂ Pn−1 =: Y defined by f . Let
ρ : Y˜ → Y be an embedded resolution of Z inducing an isomorphism over Y \Z.
We have a divisor Z˜ := ρ∗Z with normal crossings on Y˜ . Set Z˜ =
∑
w∈W mwEw
where Ew are the irreducible components with multiplicity mw. Let H˜ be the total
transform of a general hyperplane H of Y . Then the eigenvalues of the monodromy
action are d-th roots of unity (see [2]-4) and we have the following formula for
spectrum multiplicities (see [1]-1.5).
Proposition 3.1. For α = n− p− i
d
∈ (0, n] with p ∈ Z and i ∈ [0, d− 1] ∩ Z
nf,α = (−1)
p−n+1

χ

Y˜ ,Ωp
Y˜
(log Z˜)
⊗
O
Y˜
OY˜
(
−iH˜ +
∑
w∈W
⌊imw/d⌋Ew
)− δα,n

 .
Here we subtract δα,n since nf,α is defined using reduced cohomology.
Let U be a divisor on Y˜ . The class u := [U ] ∈ H2(Y˜ ) can be written as
u = −u0[H˜]+
∑
w∈W uw[Ew] where u0, uw ∈ Z. Set Fp(U) := Ω
p
Y˜
(log Z˜)⊗O
Y˜
OY˜ (U)
and consider the function χp : H
2(Y˜ ) → Z defined by χp(u) := χ(Y˜ ,Fp(U)) for
each p ∈ Z. By Proposition 3.1, χp
(
−i[H˜ ] +
∑
w∈W ⌊imw/d⌋[Ew]
)
gives nf,n−p− i
d
.
By putting k := n− p− 1 and j := d− i,
(1)
nf,k+ j
d
= (−1)−k
(
χn−1−k
(
(d− j)[H˜] +
∑
w∈W
⌊(d− j)mw/d⌋[Ew]
)
− δk+ j
d
,n
)
.
We calculate χp(u) by using Hirzebruch-Riemann-Roch,
(2) χp(u) =
∫
Y˜
ch (Fp(U)) · Td(Y˜ ) =
∫
Y˜
ch
(
∧p
(
Ω1
Y˜
(log Z˜)
))
· ch(U) · Td(Y˜ ),
where ch(Fp(U)) is the Chern character and Td(Y˜ ) is the Todd class of the tangent
bundle T Y˜ . Also, we will denote c(Y˜ ) := c(T Y˜ ) and ch(Y˜ ) := ch(T Y˜ ).
SPECTRUM OF PLANE CURVE ARRANGEMENTS 9
Chern classes calculate the Chern character and Todd classes. For a given vector
bundle E of rank r, the following is well known (see [3]-3.2),
(3)
ch(E) = r+c1(E)+
1
2
(
c1(E)
2 − 2c2(E)
)
+
1
6
(
c1(E)
3 − 3c1(E)c2(E) + 3c3(E)
)
+· · · ,
and
(4) Td(E) = 1 +
1
2
c1(E) +
1
12
(
c1(E)
2 + c2(E)
)
+
1
24
(c1(E)c2(E)) + · · · .
Hence, we need to calculate c(∧p(Ω1
Y˜
(log Z˜))) to get ch(∧p(Ω1
Y˜
(log Z˜))). It can
be calculated from the following formula. Let A be a rank r vector bundle and write
the Chern polynomial ct(A) :=
∑r
j=0 cj(A)t
r =
∏r
i=1(1 + xit) where x1, · · · , xr are
Chern roots of A. Then we have the Chern polynomial
ct(∧
pA) =
∏
1≤i1<···<ip≤r
(
1 + (xi1 + · · ·+ xip)t
)
.
We give an example for our case.
Example 3.2. Let A have rank 2.
c(∧0A) = 1,
c(∧1A) = 1 + c1(A) + c2(A),
c(∧2A) = 1 + c1(A)
and
ch(∧0A) = 1,
ch(∧1A) = 2 + c1(A) +
1
2
(
c1(A)
2 − 2c2(A)
)
,
ch(∧2A) = 1 + c1(A) +
1
2
c1(A)
2
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We should calculate c(A) for A = Ω1
Y˜
(log Z˜). We have the following short exact
sequences
0→ Ω1
Y˜
→ Ω1
Y˜
(log Z˜)→
⊕
w∈W
iw∗OEw → 0
and
0→ OY˜ (−EW )→ OY˜ → iw∗OEw → 0
where iw : Ew → Y˜ is the inclusion. This induces
(5) c(Ω1
Y˜
(log Z˜)) = c(Ω1
Y˜
)
∏
w∈W
c(iw∗OEw) = c(Ω
1
Y˜
)
∏
w∈W
c(OY˜ (−Ew))
−1.
Now we apply this algorithm to prove the main theorem.
4. Proof of Main theorem
Let f : C3 → C be a homogeneous polynomial. We use the same notation and
assumptions as in Theorem 1.1. Let Z =
∑
l∈LmlZl ⊂ P
2 =: Y be the divisor
defined by f and Zl be the irreducible divisor defined by fl. The blowing-up ρ :
Y˜ → Y centered at the set of points V := {v} is an embedded resolution of Z ⊂ Y .
The pullback Z˜ := ρ∗Z of Z is decomposed as Z˜ =
∑
l∈LmlEl +
∑
v∈V mvEv
where El is the irreducible component corresponding to the strict transform of the
irreducible component Zl and Ev is the exceptional divisor coming from blowing
up at v ∈ V . Notice that the set L ∪ V is the set W in Section 3.2.
The cohomology ring H•(Y˜ ,Q) is generated by the set consisting of ev := [Ev]
and e0 := −[H˜ ]. All the multiplications between generators are 0 except e
2
v = −e
2
0
for v ∈ V . The multiplication of any three elements is 0 since H6(Y˜ ,Q) = 0.
By [3]-Example 15.4.2, we have
c(Y˜ ) = (1− e0)
3
∏
v∈V
(
(1 + ev)
(
1− e0 − ev
1− e0
)2)
.
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Thus,
c(Ω1
Y˜
) = (1 + e0)
3
∏
v∈V
(
(1− ev)
(
1 + e0 + ev
1 + e0
)2)
.
From equation (5), we get
c(Ω1
Y˜
(log Z˜)) = c(Ω1
Y˜
)
∏
v∈V
1
1− ev
∏
l∈L
1
1− [El]
.
Note that [El] = −
(
dle0 +
∑
v∈V mv,lev
)
for l ∈ L and v ∈ V .
We calculate each factor of the Chern classes above in the ring H•(Y˜ ,Q):
∏
v∈V
(1− ev) = 1 +
∑
v∈V
(−ev),
(1 + e0)
3 = 1 + 3e0 + 3e
2
0,
∏
v∈V
(
1 + e0 + ev
1 + e0
)2
=
∏
v∈V
(
(1 + e0 + ev)
(
1− e0 + e
2
0
))2
=
∏
v∈V
(
1 + 2ev + e
2
v
)
= 1 + 2
∑
v∈V
ev +
∑
v∈V
e2v,
and
∏
l∈L
1
1− [El]
=
∏
l∈L
1
1 +
(
dle0 +
∑
v∈V mv,lev
)
=
∏
l∈L

1−
(
dle0 +
∑
v∈V
mv,lev
)
+
(
dle0 +
∑
v∈V
mv,lev
)2
= 1−
(∑
v∈V
mv,redev + de0
)
+
(∑
v∈V
m2v,red +
∑
l∈Lm
2
v,l
2
e2v +
d2 +
∑
l∈L d
2
l
2
e20
)
.
by e30 = e
3
v = e0ev = eve
′
v = 0 and e
2
v = −e
2
0 for v, v
′ ∈ V such that v 6= v′.
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From these factors we give formulas for the Chern classes:
c(Ω1
Y˜
) = 1 +
(∑
v∈V
ev + 3e0
)
+
(
−
∑
v∈V
e2v + 3e
2
0
)
,
c(Y˜ ) = 1−
(∑
v∈V
ev + 3e0
)
+
(
−
∑
v∈V
e2v + 3e
2
0
)
,
and
c(Ω1
Y˜
(log Z˜)) = 1−
(∑
v∈V
(mv,red − 2)ev + (d− 3)e0
)
+
(∑
v∈V
(
m2v,red +
∑
l∈Lm
2
v,l
2
− 2mv,red + 1
)
e2v
+
(
d2red +
∑
l∈L d
2
l
2
+ 3(1− d)
)
e20
)
.
By using Example 3.2 we calculate Chern characters:
ch(Ω0
Y˜
(log Z˜)) = 1,
ch(Ω1
Y˜
(log Z˜)) = 2−
(∑
v∈V
(mv,red − 2)ev + (d− 3)e0
)
+
(∑
v∈V
(
2−
∑
l∈Lm
2
v,l
2
)
e2v +
(
3−
∑
l∈L d
2
l
2
)
e20
)
,
and
ch(Ω2
Y˜
(log Z˜)) = 1−
(∑
v∈V
(mv,red − 2)ev + (d− 3)e0
)
+
1
2
(∑
v∈V
(mv,red − 2)
2e2v + (d− 3)
2e20
)
.
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Also, we get
ch(OY˜ (U)) = 1 +
(∑
v∈V
uvev + u0e0
)
+
1
2
(∑
v∈V
u2ve
2
v + u
2
0e
2
0
)
by formula (3) and
Td(Y˜ ) = 1−
1
2
(∑
v∈V
ev + 3e0
)
+ e20
by formula (4).
Multiplying all the factors of the right-hand-side of (2) we get χp(u) := χ(Y˜ ,Fp(U)):
χ0(u) =
(
u0 − 1
2
)
−
∑
v∈V
(
uv
2
)
,
χ1(u) = −(u0 − 1)(dred − u0 − 1) +
∑
v∈V
uv(mv,red − uv − 1)
−
∑
l∈L
(
dl
2
)
+
∑
v∈V
∑
l∈L
(
mv,l
2
)
, and
χ2(u) =
(
dred − u0 − 1
2
)
−
∑
v∈V
(
mv,red − uv − 1
2
)
.
To get nf,k+ j
d
from (1) we put
u = (d− j)[H˜ ] +
∑
w∈W
⌊(d− j)mw/d⌋[Ew]
= (d− j)[H˜ ] +
∑
v∈V
⌊(d− j)mv/d⌋[Ev] +
∑
l∈L
⌊(d− j)ml/d⌋[El]
= (d− j)(−e0) +
∑
v∈V
⌊(d− j)mv/d⌋ev −
∑
l∈L
⌊(d− j)ml/d⌋
(
dle0 +
∑
v∈V
mv,lev
)
=
(∑
l∈L
⌈jml/d⌉dl − j
)
e0 +
∑
v∈V
(∑
l∈L
⌈jml/d⌉mv,l − ⌈jmv/d⌉
)
ev.
By denoting the coefficient of e• by u•,j we get the formula in Theorem 1.1.
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